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Abstract

We discussthe roles of continuum linear elasticity and atomistic calculations in
determining the formation volume and the strain energy of formation of a point
defect in a crystal. Our considerations bear special relevance to defect formation
under stress. The elasticity treatment is basedon the Green's function solution for
a certer of cortraction or expansionin an anisotropic solid. It makes possiblethe
precise de nition of a formation volume tensor and leadsto an extension of Es-
helby's result for the work done by an external stressduring the transformation
of a continuum inclusion (Proc. Roy. Scc. Lond. Ser. A, 241(1226), 376, 1957).
Parameters necessaryfor a complete cortinuum calculation of elastic "elds around
a point defectare obtained by comparing with an atomistic solution in the far “eld.
Howewer, an elasticity result makesit possibleto test the validity of the formation
volume that is obtained via atomistic calculations under various boundary condi-
tions. It alsoyields the correction term for formation volume calculated under these
boundary conditions. Using two typesof boundary conditions commonly employed
in atomistic calculations, a comparisonis also made of the strain energiesof forma-
tion predicted by continuum elasticity and atomistic calculations. The limitations
of the continuum linear elastic treatment are revealedby comparing with atomistic
calculations of the formation volume and strain energiesof small crystals enclosing
point defects.
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1 Intro duction: Free energy of point defect formation under exter-
nal stress

When a point defectforms in a crystal there are two main cortributions to

the Gibbs free energyof formation, G' = (Ui TS f)j We. The rst comes
from the internal energyof formation, U f, and the usually negligible ertropic

term j TS T, whereT isthe temperatureand S ' is the changein ertropy. The

secondcortribution arisesdueto the work doneby the external stress,and can
beformally written asj W® = j ¥#: V' where¥#* isthe external stressand
V "is the \formation volumetensor". The latter quartity is commonly-usedn

the materials physicsliterature (seeAziz, 1997;Zhaoet al., 1999a,b;Daw et al.,

2001)and can be formally denedasV '~ | @'=@#*. A related quartit y,

the migration volumetensor,V™ = | @™=@7~%, is asseiated with the Gibbs
free energydi®erenceG™, betweenthe ground state and the transition state
that the systemtraverseswhen the defect hops between lattice sites. These
quartities are of fundamertal interestin materials physics.They in°uencethe

kinetics of transport through the di®usivity, D = Dgexpfi (G' + G™)=kg T],

wherekg is the Boltzmann constart. > The thermodynamics of transport is

in°uenced through the chemical potertial, * = 1o ¥&: (V'+ V™), where
1o Is the potential without stresse®ects.

It is natural to attempt a cortinuum treatment of point defectssince their
interaction with stress|a cortinuum quartity|is of certral interest in this
paper. Point defectsare modelledascerters of cortraction or expansionwithin
cortinuum linear elasticity. While the idea of a formation volumetensor,intro-
ducedabove in assaiation with a point defect,is not standard in cortinuum
medanics,we placethis notion on rm footing in Section3. Additionally, the
introduction of a formation volumethat is energy-conjugatdo the stressdoes
have an analoguein linear elasticity: In a seriesof seminal papers on elastic
inclusions Eshelby considered\cutting and welding" operations to descrike
the transformation of an inclusion within a solid that is itself under external
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stress(see,fo& instance, Eshelly, 1957,1961). He was able to show that the
work doneis  ¥£*: ""dV, where"" is the transformation strain due to relax-
ation, and the integral is over the inclusion. We also demonstratein Section
3 that an extensionof Eshelly's result to point defectscan be obtained in a
rigorous manner, leadingto the form | W = j . V " introducedabove.

The other goal of this communication is to discusspractical aspectssurround-
ing the ewaluation of V' and U f. On modelling a point defectas a certer of
cortraction or expansionone can obtain a deformation eld that clearly must
bearsomerelationto V " and U . Whatever theserelations,V f and U f cannot
be calculatedunlessthe strength of the certer of cortraction or expansion rep-
resened by a forcedipoletensor,is speci ed in the elasticity problem. Indeed,
in linear elasticity, all elastic elds scalewith the dipole tensor. This quartity
must be obtained from someform of atomistic calculation, asis donein Sec-
tion 3. Howewer, the linearity of the theory enablesus to show in Sections3
and 4 that evenwithout quartifying the dipole tensor, rather simple elasticity
calculationsreveal the in°uence of boundary conditions that are usedin the
atomistic simulations. A straightforward scalingwith the correctdipoletensor
then leadsto the actual elds in elasticity. Thesecalculationsare carried out
for the isotropic vacancyin silicon in this preliminary communication. The
results are summarizedand placedin the proper cortext in Section5.

2 The contin uum elastic model of a point defect

In cortinuum elasticity a point defectis modelled asan arrangemen of point
forcesin a certer of cortraction or expansion.An assaiated dipole tensor is

de ned as®
X3
D = Fi - 2di: (1)

i=1

In the dipole illustrated in Figure 1 the forcesare in equilibrium. Momerns
are alsoin equilibrium provided that D is symmetric, which will be assumed
here.In this caseD canbe written with respectto an orthonormal set of basis
vectorsfe;;e,; esg that coincidewith its own eigenvectors. In terms of this
basis, D is therefore diagonal. Furthermore, if the magnitudes of the point
forcesare equal: jF 1j;jF 2j;jF 3 = F, and the magnitudes of the position
vectors are also equal: jd4j;jd,j;jd3j = d, then D is isotropic and can be
written as

D = D1; whereD = 8§2Fd, (2)

& Both direct and index notations are usedin this paper for brevity and clarity as
deemednecessary



and 1 is the second-ordelisotropic tensor. The positive signin (2) holds for
certers of cortraction and the negative signis for certers of expansionasis eas-
ily veri ed. The isotropy of D, and D > 0 have beenassumedor all numerical
calculationsin the paper. Thesechoicescorrespnd to an isotropic vacancy|
onein which the magnitudesof displacemets of the nearest-neighor atoms
are equal, or a substitutional defectwith smalleratomic volumethan the host
atoms. If D < O, it is an isotropic interstitial or an isotropic substitutional
defect’” with larger atomic volume than the host atoms.
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Fig. 1. An arrangemen of point forcesleading to an isotropic dipole|sp eci cally
an isotropic vacancy or substitutional defectthat is smaller than the host atoms.

Using (1), the force distribution dueto the dipole is then written as

x3
fx;x9=i2 Fi- dir yoHxj x9
i=1
or f(x;x9=jDr yHx i x9

where H(x | x9 is the three-dimensionalDirac-delta function that satis’es

” Anisotropic interstitials, substitutional complexesand even vacanciesare possi-
ble. In particular, one of the con gurations yielded by quantum mechanical calcu-
lations of the relaxation around a vacancyin silicon is a tetragonal distortion of the
four nearest-neigloors. In the equilibrium position after vacancyformation, all four
atoms are at the samedistance from the vacancy However, the distancesbetween
the four atoms are not the same: The atoms form two pairs such that the distance
separating the atoms in a pair is smaller than the distance separating eadr atom
in one pair from the two in the other pair. This is the Jahn-Teller distortion, and
in someinstanceshas been calculated to have a lower formation energy than the
isotropic distortion (Puska et al., 1998; Antonelli et al., 1998).



R
h(x)xx i x9dV = h(x9 for a su+ciently smooth (C! ) test function, h(x).
Sincer yox(X | X9 =i r yxx i x9, we nally have

f(x;x9=Dr ,Hxj x9: (3)

The forcedistribution canbe combinedwith the in nite spaceGreen'sfunction
for anisotropic linear elasticity to obtain the displacemen elds around the
defect. The Green'sfunction for elasticity, G(x j x9, is a second-ordetensor.
For an anisotropic, linear medium it satis es

@ka

Cij M

+Emi(x | x) =0 4)

whereC;  is the fourth-order anisotropicelasticity tensor,Gyn, is the displace-
mert at x alonge, dueto a unit point forceacting at x°alonge,,, and %, is
the Kronedker delta symbol. Barnett (1972) hasapplied the Fourier transform
to derive analytic formulae for G;., its rst and secondspatial derivatives.
[Also seeEshelly (1957)and Eshelly (1961).] Theseformulae are summarized
here:
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Letting k denotethe wave vector in Fourier space,z = k5kj is a unit vector
in Fourier spaceM °M = 1, whereM; (z) = Cjjszjz; T = (X i x95x i x§
is a unit vectorin real space? isthe polar anglein the planez ¢T = 0. Using
thesetensorsand vectorsH and A are de ned as

Hi = Cj pnwwiFMr?r (ZpTw +3ZWTp) , i
Air = Cj pnw (ZpTw + Zpr) Hij I\/Ir?r + Mi?Hnr i 2M ijuM:r TDTW :



2.1 The displa@mentand strain elds of a point defect

The displacemen eld of a point defect can be written using (3) and the
Green'sfunction:
z
ul (x;x% = Gxij x9Dr Hx% x%dvo

R3

wherethe superscript on the left hand-sidesigni esthe in nite spacesolution.
Obsene that the variable of integration is x° Rewerting to indicial notation
for clarity, and using a standard result on derivatives of distributions, this
gives,

z " #
uf (x% = @@ZGU (x i x9) DjeHx"j x*JdVe
k

R3

Using @ (x i x9=@72 = i @5j (xi x9)=@y, and the de nition of the Dirac-
delta function we have

ul (x;x% = @i (xi x7) ((;ﬂi X09Djk: (8)

For an isotropic dipole, Djx = Dy, this simpli es to

ul (x;x% = D@@_Gij (x i x%: (9)
J

The strain eld is written as

A |
a1 @G N @G

T2 @ Gu@ Dilc (10)
which, for an isotropic dipole, simpli es to
A @ @ !
1 G G
vl — o ij i
! D2 @; @ * @@ (1)

Evaluation of (8) and (10) involvesthe direct application of (6) and (7) re-
spectively.



3 The formation volume tensor
3.1 The in°uence of boundaries

The formation volume tensor of a point defect can now be establishedusing
the certer of contraction or expansionmodel. The results of Section 2.1 for
in nite crystals are rst extendedto nite crystalsin orderto comparewith
the atomistic calculationsto be descriked in Section3.3. The dewelopmert in
this subsectionwas suggestedo the authors by Barnett (2004) for the salar
formation volume, tr[V f]. The extensionto the full tensor has not appeared
beforeto the knowledgeof the authors.

The formation volumetensor, V), is the sum of tensorial volume changesdue
to relaxation of the crystal around the certer of cortraction or expansion,V,;,
and the addition of an atomic volume, % 4. The secondterm arisessincethe
displacedatom's volume, -, is addedto the crystal. Note the assumption of
isotropy asseiated with this step. We obtain an expressiorfor ;! below that,

in addition to having other implications, demonstratesthat V,||, and therefore
V', are well-de ned quartities.

For a defectin a nite crystal, B¢ys, we de ne

z 1
Vi "adV o+ 3 A, (12)

Berys
| —{z—1}

Vi

where", is the strain eld in the nite crystal dueto the certer of cortraction
or expansionwith the appropriate value of the dipole. Using the stress-strain

relation, this is .

1
Vi = Sai ¥ dV + 3 A (13)

Berys

whereSjj is the constart compliancetensor satisfying Sqj Cij mn = lkimn, the
fourth-order symmetric idertit y tensor. Obsene that

? 2 @) @
A= @ M an

Berys Berys

S\ (14)

Using (3) the equilibrium equation for the certer of cortraction or expansion
is written as
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+ Djm (15)

Combining (14) and (15) and using the symmetry of % we have,

z Z @xi¥%m) @(x i x(b#
Y dv = AR 4 XDy — 2 dV:

@ @

B crys B crys

Using the standard result for spatial derivative of the Dirac-delta function,
the symmetry of %, and the DivergenceTheorem,
z z
%dv = Xigyf‘mnmdAi Djm#im;

Berys Scrys

where S;ys is the surfaceof the crystal. Substituting this equationin (13) we
have 7

1
Vi = i Saij Dji + Sui Xi%mnmdA + 3 H (16)
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This result hasthree important, related, consequencegi) The relaxation and
formation volume tensorsfor a crystal with traction-free boundariesdepend
only on the strength of the certer of cortraction or expansion,represeted
here by the dipole D;;, elasticity of the crystal, and the atomic volume (for
the caseof formation volume). In particular, neither the shape and size of
the crystal nor the location of the certer of cortraction or expansioninside
the crystal in°uence the outcome. (ii) The di®erencen V,| betweenthe case
with traction-free boundary and one with arbitrary boundary conditions can
be evaluated. For pure traction boundary conditions this is trivial. With dis-
placemen boundary conditions the elasticity problem must be solved rst,
possibly by numerical methods. (iii) Formation and relaxation volume ten-
sors,unorthodox notions in cortinuum medanics,can be de ned in a precise
fashion.

3.2 A thermadynamic basisfor V

The cenrter of cortraction or expansionmodel for a point defect thus leads
to a relation for V' that can be ewvaluated if the stress eld of the crystal
is known. Howeer, the thermodynamic basis of this quartity has not been
clari ed beyond the formal relation Vv’ = @=@#*. In this subsectionit is



demonstratedthat aresult of Eshelly (1957), establishedfor cortinuum inclu-
sions,also holdsin the certer of cortraction or expansionlimit and provides
sudh a thermodynamic basis.

We begin with the cortinuum result for the work of interaction betweenthe
traction, ¥£*n, applied at the boundary of a crystal, and the deformation
inducedby a transforming inclusionin the crystal. As alludedto in Sectionl,
Eshelby shaved that this work of interaction hasthe form
z
W = ¥ dv a7
Binc

where Bj,. is the region occupied by the inclusion before it undergces the
stress-fiee relaxation strain "' (Eshelby, 1957).This is the strain in the inclu-
sionif its boundary, S, is traction-free. If the inclusionis small enlgughthat
¥£* is constart over Bjyc, then following (12) andde ning V|, = 5 "'dV
allows us to rewrite (17) as

W= 3 VI (18)

inc-

A seeminglyobvious step is to link V. and V" for the point defect. Then

Eshelly's result would apply to the work of relaxation around a point defect,
and the work of formation would be %% (V" + % 1). Introducing this work
term into the Gibbs free energywould leadto V' = | @'=@2#*. Suc an ap-
proach hasbeenadoptedby Aziz et al. (1991).In our notation their expression
is We = 3/ "T ¢Vol(Bi.), where"T is the uniform transformation strain
undergoneby a \sub-system", Bi,.. Howewer, there are technical dixculties
in making sud a direct assaiation: (i) The boundary betweenthe cortinuum
inclusion and the solid in which it is embeddedis well-de ned, but it is not
possibleto preciselydemarcatea lattice point defectin this manner. For ex-
ample, Figure 2 showvs a vacancyin a silicon crystal wherethe hL00i direction
is perpendicular to the plane of the gure (this is a visualization of one of our
atomistic calculations). It is evidert that no preciseinterface exists between
the defectand the perfectlattice. Indeed,in the above expressiorusedby Aziz
and co-workers the extert of the \sub-system" is not made precisebeyond
a statemert that it cortains the atoms \in volved in the °uctuation” of the
transformation. The transformation strain is also not made precise.(ii) The
argumerts that Eshelly usedin arriving at (17) require that the cortinuum
assumptionholds even in the neighborhood of the inclusion. The discreteness
of the lattice clearly negatesthis assumptionin the neighborhood of a point
defect.

The certer of cortraction or expansionmodel of the point defectin cortinuum
linear elasticity enablesa circumvertion of theseditculties: Considera nite



Fig. 2. A vacancyin silicon viewed alongthe hL00i direction. The open circles mark
positions of atoms in the perfect crystal; i.e., before vacancy formation. Displace-
ments have beenscaled10£ for clarity.

crystal with traction-free boundariesthat is also stress-fredn its interior. As
before, B¢ys is the domain of the crystal and its boundary is S¢ys. Let an
external traction, ¥£*n be applied at Sgys. Also let " ® and u® be the related
strain and displacemen elds in B.ys. Now let a point defect form in the
interior of B¢ys With correspnding dipole tensor D . Let the stress, strain
and displacemen “elds arising from this defectbe %, "F and uF in the case
that Scys is traction-free. Also recall that accordingto the linear theory of
elasticity the “elds actually obtained now are ¥+ ¥, "®+"F and u®+ uF.
The quartity of interestis the work doneby the external stresson the crystal
in the processof defectformation:
z
WeX = ur (¥47n;)dA:

Scrys

Using the DivergenceTheoremand integration by parts this is
Z 3 .
Wes ey e av

Berys

wherethe symmetry of ¥* hasbeenusedto restrict the displacemen gradiert
to its symmetric part, the strain. Since¥%™ is divergence-freén By the rst
term in the above integrand vanishes.The secondterm is rewritten using the
stress-strainrelations and reciprocity to give
z
WeX — ?y%: ||§XdV:

Bcrys

10



Invoking the symmetry of % and using integration by parts,
z z
We = Uy n;dA uPyg, dv:

S(:rys B crys

Since ¥ is obtained as the solution to the traction-free boundary case,the
“rst term in this integrand vanishes.The secondterm is rewritten using?*/{;j +
Dj i (x i x9 =0, for adefectat x = x° to give

z @
W e = uf*D; @ji(x i x9dv:

Berys

Using the standard result for derivative of the Dirac-delta function this gives

W =i uX(x9)Dy :

For a symmetric dipole tensor (cf Section2)

W& = i "i?X(X(aDij:

From the stress-strainrelations in the form "5 = §; g and the major and
minor symmetriesof S; ; we have

W = %4 (x9 (i Saj Dji):

Finally, recalling (16) and noting that %y ny in the boundary integral of that
equationis now replacedby V{mnm = 0 we have

W= %V (19)

On including the cortribution of the displacedatom as in Section 3.1, this
result can be extendedto the work donein defectformation:
H l
1
W= % Vig + 37 W = ZONE (20)

The use of (20) for W® in G' lends rigor to the thermodynamic de nition

Vi @'=@#* (Section 1). By extensionthrough V' = V' 1-1 this
dewelopmern also provides a thermodynamic basisfor V ". Thus the certer of
cortraction or expansionmodel makesthe notion of formation and relaxation
volume tensors precise,and also provides a thermodynamic basis for these
guartities.

11



Remark 1: Nowick and Heller (1963) have de ned a volumetensoranalogous
to V'. Their expressionis v, j , wherev is the atomic volumeand | j is what

they call an \elastic dipole tensor". The volume tensor v, j is conjugate to

the external stressvia the interaction energy Howeer, , j is \equal to the

averagestrain per mole fraction of defectsall alignedin a particular orienta-

tion". This de nition is therefore considerablydi®eren from our treatment.

To our knowledgeneither this de nition of a volume tensor nor that of Aziz

et al. (1991) has beenrigorously derived in a kinematic or thermodynamic
sense Our seart of the literature on point defectshas not uncovered either
a kinematic de nition of V' asin Section3.1 or a thermodynamic basisfor it

asin Section3.2.

3.3 Atomistic calculations for the formation volumeand dipole

The solution for any elastic eld aroundthe certer of cortraction or expansion
depends on the dipole strength, D, which must be known to fully specify
the elasticity problem. Thus, the formation volume, V ', cannot be obtained
from elasticity alone. The dipole, D, and henceV ', must be obtained from
atomistic calculationsusing empirical interatomic potentials, tight binding or
ab initio methods. A comparisonbetween sud atomistic calculations and a
simple cortinuum result allows a determination of D in closed-formas shavn
in Section 3.3.1. With the value of D thus known, cortinuum elasticity can
be usedfor a variety of calculations involving the elastic elds around the
point defect. In Section 3.4 we shav that the elasticity results of Section
3.1 also provide important information regarding the validity of atomistic
calculations for tr[V f]. The results of Section 4.3 similarly demonstrate the
importance of interactions betweenthe vacancy elastic elds and boundary
loading medanismin determining the strain energyof formation, U .

We have undertaken atomistic calculations of vacancy formation using the
Stillinger-Weber interatomic potential (Stillinger and Weber, 1985). Although
this empirical potertial is a rough approximation of silicon, particularly at the
defect,it is suitablefor the purposeof cheking consistencybetweencortin uum
elastic and atomistic predictionsfor V f and U  in the far-"eld.

The Stillinger-Weber potertial consistsof two- and three-body terms govern-
ing the interactions of N atoms:

12



X X
O NY = vo(ry) + Va(risrj;r) (21)

i<j A | i<j <k
r..
Vo(rj; ) = ef; % (22)
A !
ri r; r
va(ri;ryiri) = efs irirf (23)

whereenergyand length units e and » are chosento give f, a minimum value
of j 1if its argumernt is 218, The two-body function, f,, dependsonly on the
distancer; = jri i r;j betweena pair of atoms with position vectorsr; and
r; and hasa cut-o®at r = a without discortinuities in any derivatives with
respectto r:

8

SABriPi rifexp(t) :oifr<a

fa(r) =
T 0 cifr, a

(24)

The three-body function, f 3, dependson the scalardistancesbetweenthe three
atoms and also on the angle subtendedat the vertices of the triangle formed
by the three atoms. In the following relations | i is the angle subtendedat
vertex i betweenatoms with position vectorsr; andr :

A ! A ! A !
ri rp re _ M Tk, M k.
f3 7’7]’ - h 7117’Hik + h 171]71ij
» » » » » . » »
A !
Mki . Tk .
» »
8 3 Y
2 o o 1 .
,exp(——+ —) cosu+ =z :rpandrp,< a
h(rirsW= e rzia ° (26)
: 0 iryorry,, a:

The equilibrium bond angle in the tetrahedral structure of silicon satis es
cosu = j 1=3. The energeticcortribution of any bond angle distortions are
thus represeted by the trigonometric term in (26). The lattice spacingand
bond energy of silicon at 0 K are obtained with » = 0:20951nm and e =
2:346eV.

The optimized set of parametersfor this function is:

A = 7:049556277 B = 0:6022245584
p=4; q= 0 a= 180
, = 210; ° =120

13



Energyminimization calculationswereperformedusingthe conjugategradiert
method for system sizesranging from 64 to 64,000atoms. The smallest of
thesesystemsis comparableto moderate-sizedab initio calculations.(We are
unaware of point defectcalculationswith abinitio methods having more than
512atoms.) The computational cellswerecubicin shape. Separatecalculations
wererun with with periodic and freeboundary conditionsrespectively. In ead
casethe perfectcrystal wasequilibrated from randomizedinitial conditionsfor
the atoms. Subsequetty, the certral atom was removed to model a vacancy
and the systemwas allowed to equilibrate again. The simulations in periodic
cellswererun at zero averagenormal traction over eat face by including a
Lagrangemultiplier that is energy-conjugateo the cell size.At ead iteration
of the algorithm the total energywas minimized and the cell sizewas varied
to obtain zeroaveragenormal traction on ead of the six faces.

The energyminimization calculationsyielded a meanformation volume over
the di®eren systemsizesof tr[V f] = j 138 A3 in the minimum energy con-
“guration. This is to be comparedwith the atomic volume of silicon which is
- = 20 A3, implying a relaxation volume of tr[V '] = j 338 A3 accordingto
(16).

Remark 2: Thevalueoftr[V ] = j 138A3 suggestsarather strong relaxation
in silicon, but is typical for the Stillinger-Weber model, which has previously
beenreported to result in large relaxations of the vacancy'snearest-neighor
atoms(Balamaneet al., 1992).While the quartitativ e resultis not expectedto
be physically accurate,the methodology establishedin this paper is of greater
importance.

3.3.1 Tensorial form of V'

The atomistic calculationsalsoyield the tensorial form of V '. The de nition

z
Vi= o Tav
Bcrys
can be rewritten as z 4
Vi = E(Ui;j + Uj;) dV

Berys

whereu now is the displacemen eld of relaxation around the defectobtained
from the atomistic calculation. Gauss' Theoremthen gives

z
1
Vi = 5 (Ui + ujni) dA: (27)
Scrys
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With either periodic or traction-free boundary conditions, sincethe normal,
n, is xed for a given surfaceof the computational cell, it follows that the
integral in (27) reducesto the syna‘netric dyadic product of the areal average
of eath displacemeh componert, udA, and n. The symmetric distribution

of the componerts u; on a facewith non-zeronormal componert n;, forj 6 i

ensureghat V " is a diagonaltensor. Symmetry with respectto the three basis
vectors,f e; e,; esg, then ensuredsotropy of V '. Thesenumerical resultswere
borneout in the atomistic calculationsto a reasonabledegreeof accuracy The
tensorsV ', obtained for 512and 64,000atom calculationsusing this formula,
are recordedin Appendix A. The averagesand standard deviations over a
number of samplesare reported.

Equation (27) canbe applied to any atomistic calculationto determineVj' . In
combination with (16) it uniquely determinesthe defectdipole tensor,Dj; . If
the atomistic calculation doesnot involve traction-free boundary conditions,
the discrete analogueof the surfaceintegral in (16) can be determined very
easilyfrom the atomistic results by an obvious generalizationof the procedure
used below in Section 3.4. This establishesthe thermodynamically-correct
relation for \/ijf or Vj'. The defect dipole tensor can then be calculated in
closedform using (16) and (27).

3.4 Boundary conditions and defeet symmetryin determining tr[V ]

In this sectionwe ewaluate the in°uence of the integral in (16) on the value
obtained for the scalarrelaxation volume, tr[V ']. We considerthe cubic com-
putational cellsusedin our atomistic calculations. The cell faceswere aligned
with the cubic crystal directions. We emphasizehat the results of this subsec-
tion hold wherethe theory of linear elasticity remainsvalid. One may therefore
expect that they will hold in the far- eld of the point defect.

The cortribution of the surfaceintegral in (16) needsto be evaluated on any
one face only sincethe cortributions from the remaining facesare equal by
symmetry. Considerthe [100] face,denotedby S; with x = H;X,;X3i T, where
| is the half-length of the computational cell and j | - X;x3 - |. The unit
outward normal to this faceis n; = hi;0;0i ". The componerts of the traction
vectort? = ¥£n,, for zeroaveragenormal stress satisfy the following relations
for an isotropic defect:
z
tP"dA=0;, t;=0;t5=00nS;; (28)
S1

The integral condition on tf follows from the zero averagenormal stresscon-
dition. (Hereatfter, the phrase\p eriodic boundary conditions" will imply the
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zeroaveragenormal traction condition also,unlessexplicitly stated otherwise.)
The pointwise conditions on the shearcomponerts t5 and t§ follow sincethe
shearstresscomponerts %, and %, arezeroon S;, which in turn follows from
symmetry acrossthe periodic boundary and isotropy of the defect. Therefore,
the cubic anisotropy of silicon makes the trace of the boundary integral in
(16) vanish when evaluated on S;:

| |
1 Z Zl 3

Ciinn + 2C1122

X2=i I x3=j |

t°1+ thx, + tixz dA=0 (29)

by Equation (28). Therefore,accordingto linear elasticity, the periodic bound-
ary conditionsresult in the samescalarrelaxation volume asthe traction-free
boundary, provided the defect is isotropic and located at the certer of the
periodic cell. From (16) we have

1
Ciin+ 2C1122

tr[v]=

tr[D]+ -;

for silicon with cubic anisotropy and an isotropic point defect. Therefore,
accordingto linear elasticity, the calculation of tr[V '] is alsouna®ectedy the
choice of periodic or traction-free boundary conditions.

With tr[V '] = i 338 A3 from the atomistic calculation, C111, = 1:616£ 101
Pa and Cy12» = 0:816£ 10 Pa for Stillinger-Weber silicon, (Balamaneet al.,
1992)this givesa dipole strength tr[D ] = 36:594£ 10 '° N-m for the isotropic
vacancyin the Stillinger-Weber model.

Figure 3 preseits atomistic data for tr[V '] = tr[V ']+ - asa function of num-
ber of atoms usedin the calculations. Seeral calculationswere performedfor
ead choiceof systemsize(number of atoms). Thesesimulations were started
from randomizedinitial positions of atoms. Each data point represeis the
formation volume of the calculation with the lowest energyfor the given num-
ber of atoms. The relative independenceof tr[V ] obtained by using periodic
boundary conditions bearsout the result in (29). The results from atomistic
simulations with traction-free boundariesare also showvn. The relatively slow
convergenceof these results with system size arisesfrom the fact that the
atoms on the surfaceare not iderntical in bonding coordination to the bulk
atoms. This alsoleadsto the departure from the elasticity result that tr[V ]
is independen of the nature of the boundary condition (periodic/free). This
discrepancybecomesegligiblefor systemshaving 64,000atoms.® The impli-

8 Howewer, for systemsmuch bigger than 64,000atoms, the sheernumber of atoms

introduces many more spurious minima in the energy minimization calculations.
The conjugate gradient algorithm tendsto get\trapp ed" in thesespurious minima,
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cation is that independencerom type of boundary condition is obtained only
in the larger systemswhere elastic e®ectsdominate.

11 b O Atomistic PB| |
13 o
15 ¢ © °
™
< o
— 17 t
e
S 19t o
21
23 -
o)
25 A ‘ A A A A
64 216 512 1728 21952 64000

No. of atoms

Fig. 3. Comparison of formation volume calculated by atomic relaxation for trac-
tion-free boundary conditions (Atomistic FB) and periodic boundary conditions
(Atomistic PB).

Remark 3: The result of an atomistic calculation for tr[V '] hasbeenshawn to
be independen of the shape and location of the boundary relative to isotropic
point defectscertered in a computational cell with periodic boundary condi-
tions. It is thereforeindependen of the sizeof the crystal and dependsonly on
D, the elasticity of the crystal, and the atomic volume. This type of boundary
condition is therefore well-suited for volume change calculations of isotropic
defects.

4 The strain energy of formation

The obsened dependenceof V' on boundary conditions in (16) motivates a
similar examination of the dependenceof the strain energy of formation. In
the continuum setting it proves corveniert to begin sud an analysis with
an in nite crystal and subsequetly subject it to cutting and welding opera-
tions in the mannerof Eshelly (1957,1961)in order to address nite crystals.
Let Beys Now denote a simply-connected nite subsetof the in nite crystal
enclosingthe certer of cortraction or expansion.Let n denotethe unit out-
ward normal to Bys. Let the strain energyin the region Bys be Ulfv, and
the strain energyof the in nite crystal be U,'. Theseenergiesare related as

leading to larger errors in the relaxation volumesthat are obtained.
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follows:
Z

U/ =u/ + 5% i av:

R3nB crys

Applying the DivergenceTheoremto the integral, and noting that ?/ﬂl ;=0
exterior to B¢ys, leadsto

z
1
U/ = U/ i E%} nju dv: (30)

Scrys

We will not pursue an explicit expressionfor U, or Ulfv. Instead we will
relate them to the strain energyof a nite crystal with boundary Scys.

4.1 Finite crystal with traction-free boundaries

Now considerturning By into a nite crystal with traction-free boundaries.
This can be achieved by holding the traction xed at ?4‘ n; on Sgys, cutting
along this surface, and then applying a traction ’ﬁnj = j %,‘ N to Scys,
Where’o’/{ is the imagestress eld soproducedin Bys. Let the correspnding
displacemen "eld be denotedby uf, andits strain “eld by "f = Ci},%;. The
relation betweenthe strain energyin this con guration, UFfV, and UlfV is

Z 13 © 3 .
U/ =Ul + S0% i oav
Berys

wherewe have usedthe fact that the stress eld 3‘/{ appliedto the traction-
free crystal resultsin a strain eld j ,JF in Beys, returning it to the con gu-
ration with energyU, . Furthermore, we have usedthe result that there is
no interaction energy betweenan external traction, i 3/{nj, and the internal
stress, % + ¥ , sincethe internal stressstate is traction free[(¥§ + % )n; = 0

by construction] at the boundary, Scys.

Usingintegration by parts, the Divergencel' heorem,and the fact that 3/{;]- =0
this is reducedto b

U/, =Ud, + % nuidA: (31)

From (30) and (31) combined with the result ¥ n; = j % n; at Scys, we have
Z 1 3 .
u, = u{ é%} n uf +ul dA: (32)

Scrys
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4.2 Finite crystal of cubic shap and periodic boundaries

Considera cube-shaged domain, Bys. Periodic boundary conditionsimposed
on the displacemen at constart cell volumeimply that the total displacemei
vanisheson Sgys. This state is obtained by subjecting the nal con guration

with traction-free boundariesto the additional boundary displacement uf =

i Ul i uf at Seys. Let " be the correspnding strain “eld over Beys, and
¥§ = Cyjwu"f) bethe stress'eld in Bys. Now, the strain energyof the crystal
IS 7

where the absenceof interaction energy betweenf”/%D and the internal stress
with (3/5 + ?*/ﬂL )n; = 0on S;ys hasbeenused.Using integration by parts, the
DivergenceTheorem, and the fact that 371?”- = 0 we have

Z
Ug = UL + %%’fnjuipdA: (33)

Scrys

The implications of (30{33) for the thermodynamicsof point defectformation
are elaborated in Sections4.3 and 5 below.

Remark 4: We have usedthe symbol U f for the strain energiesof forma-
tion, since,for the purely medanical processesonsideredin this paper, the
changein internal energy U |, is the strain energywhen we only considerthe
crystal away from the defect. An additional cortribution to the formation en-
ergy arisesfrom the changein bonding at the defect, which is, of course,not
represeted in elasticity.

4.3 Numerical evaluation of strain enemgiesof formation

The strain energyof formation with traction-free boundarieson a cubic com-
putational cell was numerically-ealuated as follows: The stressat the bound-
aries of the cubic computational cell embeddedin an in nite crystal was ob-
tained from (10) and % = Cju"g . The resulting force distribution on a
surface,Sg, of the computational cell was considered,wherethe surfacenor-
mal was denoted by ng = j%e,@j; ® = f§ 1;82;83g. The subscript (?)je
denotes(?)1, (2), or (?)s. The force distribution was represeted by point
forcesT;, (Xm) = %,‘ (Xm)Ng Am, With Ay; M = 1;:::N2, being the area
assaiated with N2, points, xy, on eat surfaceof the computational cell.
These points subsequetly de ned the surfacenodesof a nite elemen dis-

19



cretization of the computational cell with N 3, nodes.The "nite elemer mesh
had equal-sizedtrilinear, cubic elemens. For sudy a mesh,Ay equalsthe area
of eat face of the cubic elemerts for a point that doesnot lie on an edgeor
vertex of the computational cell; Ay, equalshalf the area of ead face of the
cubic elemerns for a point on an edge;and Ay, equalsquarter the areaof eah
face of the cubic elemerts for a point on a vertex.

Imageforceswereapplied on the nodesof Sg by reversingthe above-computed
nodal forcesso that, when superposedon the tractions %;‘ Ne , the resulting
“eld at the boundary nodeswas traction-free. The displacemen eld uf due
to thesenodal imageforceson the boundary wasobtained asthe nite elemer
displacemen solution, and the integral in (32) was calculated as

Z 3 . 2 s
1 18 Nu
Ul i Ug, =i é?ﬂ/%nj uf +ul dA = 3 T, u” +ul

S(:rys ®60

(34)

This is the di®erencan energieshetweenthe in nite crystal and the traction-
free boundary case.The calculations were carried out for tr[D] = 36:594£
10 ° N-m.

The di®erencebetween strain energiesof the periodic boundary and free
boundary casesUg i U{ is givenby the integral in (33). Recallthat in the
atomistic calculationswith periodic boundary conditions, the computational
cellwasalsorelaxedto have zeroaveragenormal traction, and pointwise zero
shear tractions on the surfaces.In the nite elemen calculations this was
adhieved by applying the following traction eld over the surfaceSe:

1 . 3 . . - . -
Area(se) i %neg dA ; ifi=|®;

flR - ; Area( S, )S® /%3 ® (35)
. i 3/%9n®1 ; ifi 6 j®:

Note that while fiR is constart over the surfaceSe for i = j®), it varies over
Se for i 6 |®.

Let the displacemen “eld uR result from application of traction fiR de ned
asin (35) over ead surface,Se. SincefiR is constart over Sg for i = j®, and
the shearcomponerts do not give rise to normal strains in a cubic material,
it follows that uR is constart over Sg for i = j®).

In order to extend (33) to the periodic boundary condition calculation with
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zeroaveragenormal traction, the integral in that equation was replacedby

3 Z 3 ‘3 .
5+ ¥%ng iul i uf+ul dA;
®<;§io 3se
wherej ul i uf = uP. From (35) and uR = constt on Sg for i = j®j, this
integral is
3 Z 3 . © 3 .
Ud, i U{, = tr+¥%ng ju i u dA (36)
®=j 3S®

®60

The "nite elemen displacemen solution obtained for j uf was addedto the
innite crystal displacemen eld j u! . This eld,j u! i uf, evaluated on the
boundaries,Sg, was then reapplied as a displacemen boundary condition to
the nite elemen meshto obtain the surfacetraction eld ?ﬁn@J . Then (35)
and (36) gave the required energydi®erence.

Figure 4 is a comparisonof the energydi®erenced) j U{ andU j U{
obtained with the atomistic and elasticity calculations. The actual value of
U, , hasnot beenobtained directly from elasticity. Howewer, the integralsin
(34) and (36) both are O(ri %), where2r is the characteristic linear dimension
of the computational cell. Therefore, U{ and UJ corvergeto U asr !
1. Sinceri3®/ Nil whereN isthe number of atomsin the system, this
cornvergenceis con rmed in Figure 4. Analysis of (32) and (33), or of (34)
and (36) indicatesthat U/ and U{ convergeto U, from below. Figure 4
con rms this prediction, sincethe energydi®erences) | i U(Z) areall positive.
The trends arereplicated by the atomistic calculations,in which U andU{,
aredirectly calculated. The asymptotic valueto which UFfV and Upfv corverge
in the atomistic calculationshasbeenusedasU .

The discrepancybetweenlinear elasticity and atomistic calculations for the
smaller cells (e.g. 512 atoms) in Figure 4 is most probably due to the highly
nonlinear deformations around the vacancy that dominate at these small
scales.The 512-atomcomputational cell is madeup of 4£ 4£ 4 Si unit cells.
The boundary is only 10.86A away from the vacancy At suc small scales
linear elasticity provides a poor estimate of the strain energy of the highly
distorted lattice around the vacancy

The di®erencebetweenthe energiesof the traction-free and periodic bound-
aries with the atomistic calculationsin Figure 4 most probably is a mani-
festation of an interaction energyin the near eld of the defect: The periodic
boundary con guration e®ectiely appliesa boundary traction to the traction-
freecon guration, asexplainedabove. This external stress eld interacts with
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the internal stressof the traction-free boundary con guration. Sud an inter-
action energy howewer, vanishesaccordingto the theory of linear elasticity.
This result hasbeenemployedin Sections4.1and 4.2, and is possiblyrespon-
siblefor the very small di®erencesbsenedbetweenU/ and U/ usinglinear
elasticity. For the smallercells,the strong nonlinear e®ectpossiblyinvalidates
this result of linear elasticity causingthe discrepancyin UpfV i UFfV between
the atomistic and linear elasticity calculations. The trends, howewer, are the
same:The free and periodic boundary casescornverge from below to the in-
“nite crystal result. The periodic boundary caseis higher in strain energy
dueto the imposedconstrairt that presenesthe °at shape of the cubic cell's
boundaries. This di®erencewhile small, exists in the elasticity calculations
alsoasseenin Table 1.

Table 1

Di®erencebetweenstrain energy of vacancyformation in a cubic cell with periodic
and traction-free boundaries|elasticit y results. For comparison, the atomistic cal-
culations corvergeto U = 2:8237eV. Note that the cell sizes,expressedas number
of Si atoms that make up a crystal of the samesize,do not correspond exactly to
the cell sizesactually usedin the atomistic calculations.

Cell sizein number of atoms  U[,, i U/, (*eV)

512 45.791
4096 5.759
13824 1.714
46656 0.510

110592 0.215

The precedingtwo paragraphshave highlighted the limitations of the theory
of linear elasticity, especially in the near eld of the defect. However, nonlinear
elasticity, including material and geometricnonlinearities is not amenableto
the formalism usedin this paper. Speci cally, we draw attention to the re-
peated use of superposition through image stressesand displacemets in Sec-
tions 2, 3 and 4. We have taken advantage of linearity to passfrom stressego
strains or displacemets, and vice versa This is not possiblewith nonlinear
elasticity. Furthermore the notion of Green'sfunctions is basedon superposi-
tion of point forcesand the linearity of the solid's responseto this superposi-
tion. This techniquewould be inapplicablewith nonlinearelasticity. Therefore,
we rely on a judicious useof linear elasticity, and disregardits erroneouspre-
dictions in the defect'snear eld, noting that for the smallestcomputational
cellsin our calculations, the ertire crystal is in the defect'snear eld.
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Fig. 4. Di®erencebetween strain energy of formation in an in nite crystal, and
strain energiesof formation in "nite crystals calculated by atomic relaxation and
elasticity for periodic (PB) and traction-free (FB) boundary conditions.

5 Conclusions

The certral conclusionsfrom this work are the following:

(1)

(2)

®3)

(4)

()

Equation (16) implies that the formation volume of a point defectis a
well-de ned quartity. It is to be measuredon a crystal whosesurfaces
aretraction-free. De ned in this manner,it dependsonly on the strength

of the defect, the elasticity of the material and the atomic volume. It is
independen of the crystal's shape and size, and of the location of the

defectwithin the crystal.

On the basisof Item 1 above, Equation (16) provides an exact quartita-

tive measureof the appropriatenessof any classof boundary conditions
usedon an atomistic calculation to extract formation volumesof point

defects.

The derivation endingin Equations (19) and (20) demonstratesthat Es-
helby's calculation (17) on the work done by external stresson a trans-
forming inclusion has an analoguefor point defects. This is an exact
result. It provides a rigorous thermodynamic basis for the conceptsof
formation and relaxation volume tensorsthat goesbeyond formal de ni-

tions of the type V' = | @'=@#~.

The combination of (27) and (16) provides a closed-formexpressionfor
the defectdipole tensor that can be determinedfrom any atomistic cal-
culation.

Equations (30{33) quartify the in°uence of traction-free and periodic
boundary conditions on the strain energy of formation of point defects
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(6)

accordingto continuum linear elasticity. In ead case,the correspnding
boundary integrals can be calculated. Signi cant discrepanciesare ob-
sened betweenthe cortinuum elastic and atomistic resultsfor the small-
est systemsizes(512 atoms) becausethe highly nonlinear lattice distor-
tion around the defectpermeatesthe entire computational cell whenthe
latter is composedof a small number of atoms. Linear elasticity is not an
accuratetheory for sud nonlinear distortions. Additionally, for atomistic
systemsof this size,there appearsto be an interaction energy between
an externally-applied boundary traction and an internal stress eld with

vanishingtraction at the boundary. According to linear elasticity this in-

teraction energy vanishesexactly. This could lead to the much smaller
di®erencein strain energiesof formation betweenthe traction-free and
periodic boundary casesobtained via linear elasticity. Indeed, this sug-
geststhat (31{33) are not accuratefor systemssmallerthan roughly 4000
atoms.

The di®erencebetween strain energiesof vacancy formation obtained
with traction-free boundariesand periodic boundaries(that are traction

free on average)vanisheswith increasingcell size.Linear elasticity pre-
dicts that the scalar vacancyformation volumes, howewer, are idertical

for an isotropic defect that is certered in the computational cell. Yet,
the atomistic results show signi cant di®erencedor the scalarformation
volume for the two types of boundary conditions (Figure 3) at smaller
cells. This discrepancycanbe attributed to the largerin®uence of bound-
ary atoms' coordination numbersfor small cells,and it diminishesfor the
larger calculations.We expect that this discrepancywill be enhanceddue
to elasticity e®ectsfor the much larger classof anisotropic point defects:
vacancieswith the Jahn-Teller distortion and most interstitial con gu-
rations, as well as for defectsnot located at the certer of the periodic
cell.

Relaxation volume tensors from atomistic calculations

Represenativ e relaxation volumetensorsobtained from the energyminimiza-
tion calculationson systemswith varying numbersof atoms,and with traction-
freeor periodic boundary conditionsarereported below. For the sake of brevity
valuesare reported for only the 512-and 64,000-atomsystems.Averagesand
standard deviations (SD) were calculatedby running se\eral calculationswith
starting positions of atoms varying randomly from the equilibrium positions
in a perfect crystal. The larger standard deviations for larger systemsare
assaiated with the spuriousminima discussedn Footnote 8.

Traction-free boundary conditions with 512 atoms:
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3

0:683 j 13669 0:678 0:0300:1720:027 A%
0:695 0678 | 13674 0:0310:0270:151

2 2
gi 13676 0:683 0:695 0:1920:0300:031
SD= g

Periodic (traction-free on average)boundary conditions with 512 atoms:

2 2 3

i 12009 0:706 0:706 0:0010:0020:002
é 0:706 | 12009 0:706 SD= gOOOZ 0:0010:001 A%

0:706 0:706 | 12009 0:0020:0010:001

Traction-free boundary conditions with 64,000atoms:

2 2 3
i 11:625 | 0:022 i 0-021 0:5350:1780:185

g § 0:022 | 11:484 ; 0:0297 A% SD= 501780:3080:138 N
§ 0:021 ;| 0:029 | 11:421 0:1850:138 0:339

Periodic (traction-free on average)boundary conditions with 64,000atoms:

2 2 3
i 11:571  0:147 0'130 0:6530:1150:057
g i 0:147 j 11217 j 0:054 % SD= §01150:4730:142 %\32
i 0:130 j 0:054 ; 11:136 0:0570:1420:363
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